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1 Introduction
As a degenerate cases of Wronskian formula of solutions of the Korteweg-
de Vries (KdV) equation, Matveev [1] firstly introduced the positons of the
KdV equation which is a singular new solution of nonlinear evolution equa-
tions. Matveev also obtained positon and soliton-positon solutions of the the
KdV equation and summarized many significant properties of the positon so-
lutions which is different from the soliton solutions. There exists a class of
slowly decreasing reflectionless potential which is called potentials superreflec-
tionless [2]. Compared with the soliton solutions with exponential decay, the
positons were weakly localized. There are two reason for the name called posi-
ton solutions that is generated by a positive spectral singularity embedded in
the spectrum and always positive in a small enough neighborhood of the pole.
About the other interacting objects, the positons are completely transparent.
In particular, two positons remain unchanged after mutual collision while dur-
ing the positon and soliton collision, the soliton solution remain unchanged,
however, the positon is affected of which the carrier wave and envelope produce
the finite phase shift [3,4]. In Ref. [5], the authors established the connection of
the solutions of the positons, soliton and breather. Inspiringly by the pioneer-
ing work of Matveev, such solutions have been extended to other well-known
equations, such as the defocusing modified KdV (mKdV) equation [6, 7], the
sine-Gordon (sG) equation [8], the Toda lattice [9], the Hirota-Satsuma cou-
pled KdV system [10]. It is crucial to get the smooth positons because the
positon solutions above-mentioned are singular. Recently, the smooth posi-
tons of focusing mKdV equation [11], complex mKdV equation [12] and the
second-type derivative nonlinear Schro¨dinger (DNLSII) equation [13] also have
been constructed. Postion is a slowly decreasing analogue of soliton, which is
closed related to Wigner-von Neumann phenomenon [14]. It is known that
the positon of the KdV, as one kind of potential in quantum mechanics, is
expected to be realized [14] in practice using band engineering technique [15].
This interesting application of the positon inspires us to study the positon in
other soliton equation with strong physical background.
The nonlinear Schro¨dinger (NLS) equation is one of the most significant
equations in physics and mathematics and it can be derived from the Ablowitz-
Kaup-Newell-Segular [16,17]. Various modifications of the equation have been
investigated extensively and discussed intensively. One of these attempts is
to study the effects of higher order perturbations which has been proposed
by various authors. Considering higher order nonlinear effect, the derivative
nonlinear Schro¨dinger (DNLS) equations with a polynomial spectral problem
of arbitrary order [18] are regarded as the models in a wide variety of fields
such as weekly nonlinear dispersive water waves [19]. The DNLS equations
have three generic deformations, i.e. the DNLSI equation [20]
iqt − qxx + i(q2q∗)x = 0, (1)
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the DNLSII equation [21], which is also called the Chen-Lee-Liu (CLL) equa-
tion, of the form
iqt + qxx + iqq
∗qx = 0, (2)
and the DNLSIII equation (or the GI equation) [22]
iqt + qxx − iq2q∗x +
1
2
q3q∗2 = 0. (3)
The equation (1) is also briefly called the DNLS equation, which is one of
the most important integrable systems in the mathematics and physics, where
∗ is the complex conjugation, and the subscript x (or t) denotes the partial
derivative with respect to x (or t). The DNLS equation is connected with the
DNLSII equation by a simple gauge transformation [23,24] and the relationship
of DNLS equation and DNLSIII equation is also discussed in Ref. [25].
The DNLS equation was proposed to describe Alfve´n waves in plasma
that is the wave of finite amplitude which propagate parallel to the magnetic
field [20,26]. On the one hand, the equation is used to describe large-amplitude
magnetohydrodynamic (MHD) wave propagating in plasmas at moderate an-
gles with respect to the equilibrium magnetic field [27]. Truncated DNLS equa-
tion [28]and DNLS with nonlinear Landau dumpling [29] are put into use in
practical plasmas as well. More importantly, the equation is applied to nonlin-
ear optics, such as, the sub-picosecond or femtosecond pluses in single-mode
optical fibers [30–32].
The DNLS equation is one of the rare several integrable nonlinear mod-
els that permit soliton solutions. Under vanishing boundary condition (VBC),
Kaup and Newell [33] solved the appropriate inverse scattering problem and
obtained the one soliton solution. By using inverse scattering method, the soli-
ton are examined analytically and numerically under vanishing boundary con-
dition and nonvanishing boundary condition (NVBC), introduce the “paired
soliton” which generally pulsates with a period but degenerate to a stable
“pure soliton” (bright and dark solitons) in a limited case [34]. An explicit
expression for the N -soliton solution is expressed in terms of determinants
by means of algebraic techniques that solving the reduced Zakharov-Shabat
equations [35].
Furthermore, in order to avoid constructing Riemann sheets, an inverse
scattering transform (IST) for the DNLS equation with NVBC is derived by
introducing an affine parameter. A one-soliton solution which is a breather
and degenerates to a bright or dark soliton as the discrete eigenvalue becomes
purely imaginary [36], simpler than that in the literature [37], is obtained. And
the bilinearization of a generalized derivative nonlinear schro¨dinger equation
is also discussed and the solitons solution are constructed as the quotients of
the Wronski-type determinants [25].
Recently, N -soliton solution of two component DNLS equation is inves-
tigated by the two-fold Darboux transformation (DT) [38]. And Chan [39]
present the rogue waves of DNLS equation using a long-wave limit of breather.
Later, the rogue wave of coupled DNLS equation by means of low-frequency
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limit of breather is derived [40]. In Ref. [41], the determinant representation
of the n-fold DT and formulae of q[n] and r[n] is expressed. The complete
classification of the dark soliton, bright soliton as well as periodic solution are
given and obtained rational traveling solution and rogue wave. As for mixed
nonlinear Schro¨dinger (MNLS) equation, which an integrable equation with
the nonlinear term in NLS equation and DNLS equation denote the effects
of phasemodulation (SPM) and self-steepening from the points of view math-
ematics and physics, the rational solutions is also investigated in Ref. [42].
Those results have also been extended to other NLS-type equation with addi-
tional derivative terms [43, 44]. It is worthwhile and natural to know whether
or not it has other solutions or interesting dynamics. Inspired by the result
above, the smooth positon solutions of DNLS equation and it’s dynamic be-
haviors are also worthwhile studied. To the best of our knowledge, the smooth
positon solutions of DNLS equation have never been reported. The main aim
of this paper is to obtain the multi-positon solution of the DNLS equation and
studied its property of dynamics.
This paper is organized as follows. In section 2, the explicit formula of
smooth positons is obtained by means of DT and degenerate DT of the DNLS
equation. In section 3, with the special higher Taylor expansion, the positons
are decomposed by modulus square, and then also discussed the trajectory and
“phase shift” in detail. In section 4, the combinations of solitons and positons
are investigated. The conclusion is provided in section 5.
2 Positons of DNLS equation
The couple of the derivative nonlinear Schro¨dinger equations [33],
qt + iqxx − (rq2)x = 0, (4)
rt − irxx − (r2q)x = 0, (5)
are exactly lead to the DNLS equation for r = −q∗ but the choice r = q∗
would result in equation (1) with the sign of the nonlinear term changed. The
∗ denotes the complex conjugation.
The Lax pairs of the coupled DNLS equations (4) and (5) can be derived
by the KN spectral problem [33]
∂xψ = (Jλ
2 +Qλ)ψ = Uψ, (6)
∂tψ = (2Jλ
4 + V3λ
3 + V2λ
2 + V1λ)ψ = V ψ, (7)
with
ψ =
(
φ
ϕ
)
, J =
(
i 0
0 −i
)
, Q =
(
0 q
r 0
)
,
V3 = 2Q,V2 = Jqr, V1 =
(
0 −iqx + q2r
irx + r
2q 0
)
.
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Here λ (an arbitrary complex number) is called the eigenvalue or spectral
parameter and ψ is the eigenfunction associated with λ of the KN system.
The zero curvature equation Ut − Vx + [U, V ] = 0 infers the couple of the
DNLS equations (4) and (5).
The determinant representation of the N -fold DT for the DNLS equation
is given in Ref. [41] which is similar to the determinant representation of the
N -fold DT for the NLS equation [45]. The formulas of the soliton and positon
of DNLS equation is obtained explicitly by setting seed solution q = 0, and
the eigenfunction
ψj = ψ(λj) =
(
φj(λj)
ϕj(λj)
)
=
(
exp (i(λ2jx+ 2λ
4
j t))
exp (−i(λ2jx+ 2λ4j t)
)
(8)
is associated with eigenvalue λj = αj + iβj in Theorem 2 of Ref. [41], then an
explicit form of the N -soliton of the DNLS equation is:
q[n] =
Ω211
Ω221
q + 2i
Ω11Ω12
Ω221
, r[n] =
Ω221
Ω211
r − 2iΩ21Ω22
Ω211
. (9)
where
Ω11 =
∣∣∣∣∣∣∣∣∣∣∣
λ2n−11 ϕ1 λ
2n−2
1 φ1 λ
2n−3
1 ϕ1 · · ·λ1ϕ1 φ1
λ2n−12 ϕ2 λ
2n−2
2 φ2 λ
2n−3
2 ϕ2 · · ·λ2ϕ2 φ2
λ2n−13 ϕ3 λ
2n−2
3 φ3 λ
2n−3
3 ϕ3 · · ·λ3ϕ3 φ3
...
...
...
...
...
λ2n−12n ϕ2n λ
2n−2
2n φ2n λ
2n−3
2n ϕ2n · · ·λ2nϕ2n φ2n
∣∣∣∣∣∣∣∣∣∣∣
,
Ω12 =
∣∣∣∣∣∣∣∣∣∣∣
λ2n1 φ1 λ
2n−2
1 φ1 λ
2n−3
1 ϕ1 · · ·λ1ϕ1 φ1
λ2n2 φ2 λ
2n−2
2 φ2 λ
2n−3
2 ϕ2 · · ·λ2ϕ2 φ2
λ2n3 φ2 λ
2n−2
3 φ2 λ
2n−3
3 ϕ2 · · ·λ3ϕ3 φ3
...
...
...
...
...
λ2n2nφ2n λ
2n−2
2n φ2n λ
2n−3
2n ϕ2n · · ·λ2nϕ2n φ2n
∣∣∣∣∣∣∣∣∣∣∣
,
Ω21 =
∣∣∣∣∣∣∣∣∣∣∣
λ2n−11 φ1 λ
2n−2
1 ϕ1 λ
2n−3
1 φ1 · · ·λ1φ1 ϕ1
λ2n−12 φ2 λ
2n−2
2 ϕ2 λ
2n−3
2 φ2 · · ·λ2φ2 ϕ2
λ2n−13 φ3 λ
2n−2
2 ϕ3 λ
2n−3
2 φ3 · · ·λ2φ3 ϕ3
...
...
...
...
...
λ2n−12n φ2n λ
2n−2
2n ϕ2n λ
2n−3
2n φ2n · · ·λ2nφ2n ϕ2n
∣∣∣∣∣∣∣∣∣∣∣
,
Ω22 =
∣∣∣∣∣∣∣∣∣∣∣
λ2n1 ϕ1 λ
2n−2
1 ϕ1 λ
2n−3
1 φ1 · · ·λ1φ1 ϕ1
λ2n2 ϕ2 λ
2n−2
2 ϕ2 λ
2n−3
2 φ2 · · ·λ2φ2 ϕ2
λ2n3 ϕ3 λ
2n−2
3 ϕ3 λ
2n−3
3 φ3 · · ·λ3φ3 ϕ3
...
...
...
...
...
λ2n2nϕ2n λ
2n−2
2n ϕ2n λ
2n−3
2n φ2n · · ·λ2nφ2n ϕ2n
∣∣∣∣∣∣∣∣∣∣∣
.
When n = 1, the explicit formula of one-soliton solution is following:
q1−s = 4iα1β1
(−iα1 cosh(4α1β1H) + β1 sinh(4α1β1H))3
((−α21 − β21) cosh(4α1β1H)2 + β21)2
exp(2ih), (10)
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where H = 4α21t− 4β21t+ x, h = −β21x+ 2β41t− 12α21β21t+ α21x+ 2α41t.
When λ1 = λ3, the denominator of two-soliton is zero by choosing n = 2 in
eq.(9). In general, we get degenerate N -fold DT for DNLS equation by setting
λ2j−1 = λ1 +  (j = 2, 3 . . . , n ) , and then the solution q[n] also becomes an
indeterminate form 00 . In the following, we can get the smooth positon solutions
of the DNLS equation using the degenerate DT and the higher-order Taylor
expansion with λ2j−1 = λ1 +  (j = 2, 3 . . . , n) which is similar to construct
the degenerate solitons from a zero seed of mKdV equation. Substituting ψj
into this degenerate N -fold DT, and setting N2n and W2n as the following
forms, the n-positon of the DNLS equation is constructed.
Proposition 1: The N -soliton solution with a “seed” solution q = 0 from
N -fold DT in the degenerate limit λ2j−1 → λ1 generates a n-positon solution
of DNLS equation, which is given by
qn−p = 2i
N ′2n
W ′2n
, (11)
where
N2n = Ω11Ω12
W2n = Ω21Ω21
N ′2n = (
∂ni−1
∂ni−1
|=0(N2n)ij(λ1 + ))2n×2n,
W ′2n = (
∂ni−1
∂ni−1
|=0(W2n)ij(λ1 + ))2n×2n,
and ni = [
i+1
2 ], [i] define the floor function of i.
In above proposition, the reduction conditions are λ2j = −λ∗2j−1, φ2j =
ϕ∗2j−1, ϕ2j = φ
∗
2j−1, (j = 1, 2, 3, ..., n) .
we only present the explicit form of the two-positon by letting n = 2
in Proposition 1 because of the tedious mathematical formulas. The explicit
expression of two-positon solution is following:
q2−p =
A1A2
(512ω3 − 512ω4 − (α21 + β21)(ω5 cosh(8α1β1H) + ω6 sinh(8α1β1H)))2
,
(12)
where H = 4α21t− 4β21t+ x,h = −β21x+ 2β41t− 12α21β21t+ α21x+ 2α41t,
A1 = 256Iα1β1 exp(2ih)(ω1 cosh(4α1β1H) + ω2 sinh(4α1β1H)),
A2 = ((α
2
1 + β
2
1)(ω5 cosh(8α1β1H)− ω6 sinh(8α1β1H))− 512ω3 − 512ω4),
ω1 = (3− 3i)β21α51t+ 116 (1 + i) + (2− 2i)β41t+ (1/4)(1− i)β21x)α31 + (−1 +
i)(β21t− x4 )β41α1,
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ω2 = (−1 − i)β1α61t + (2 + 2i)(β21t − x8 )β1α41 + (3 + 3i)(β21t − x12 ))β31α21 +
1
16 (−1 + i)β31 ,
ω3 = ω31 + ω32 + ω33 + ω34,
ω31 = (−1 + i)β21α101 t2 + (−4 + 4i)(β21t+ x8 )β21α81t,
ω32 = 6((−1 + i)β41t2 + 112 (−1 + i)β21xt+ 196 ((−1 + i)x2))β21α61,
ω33 = (
1
512 (−1 + i) + (−4 + 4i)β81t2 + (1/2)(1− i)β61xt+ 18 (−1 + i)β41x2)α41,
ω34 = (β
2
1t− x4 )β41((−1 + i)β41t+ 14 (1− i)β21x)α21 + 1512 (−1 + i)β41 ,
ω4 = − 18 (1 + i)α21(α41t+ (−6β21t+ (1/4)x)α21 + β21(β21t− 14x))β21 ,
ω5 = (1− i)(α21 − β21),
ω6 = −(2 + 2i)α1β1.
In Proposition 1, n-positon generated by the degenerated DT and the
higher-order Taylor expansion is smooth and expressed by mixture of exponen-
tial functions and polynomials of x and t, which is different substantially from
the soliton expressed by exponential functions and the rogue wave represented
by the polynomials.
We provide the three-dimensional evolutions of two-positon (Fig.1(a)),
three-positon (Fig.2(a)), four-positon (Fig.3(a)). In order to see clearly their
trajectories, the density plots of positons are given (Fig.1(b)), (Fig.2(b)),
(Fig.3(b)), respectively. The trajectory will be discussed in the following sec-
tion in terms of exact and approximate ways.
3 Dynamics of the positons of DNLS
The dynamical properties of the positon solution of DNLS equation will be
discussed in this section. It is clearly that the q2−p is not a traveling wave with a
constant profile from the formula of the solution and the trajectory of the two-
positon is a slowly changing curve instead of a straight line. By means of the
higher Taylor expansion in Proposition 1, the trajectory, decomposition, and
the “phase shift” of the positons are introduced in the following Proposition
and we study the evolution of the positon solution of the DNLS equation with
the decomposition of the modulus square.
Proposition 2: As |t| → ∞, the modulus square of a two-positon solution of
the DNLS equation is decomposed as following form:
|q2−p|2 ≈ |q1−s(H + ln(t
4)
16α1β1
)|2 + |q1−s(H − ln(t
4)
16α1β1
)|2 (13)
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a more precise approximate trajectory are two curves defined by
H ± ln(8388608α81β81(α21+β21)2t4)16α1β1 = 0, where H = 4α21t− 4β21t+ x.
Proof : It is well-known that the N -soliton solution can be decomposed into
N single soliton with the “phase shift” when |t| >> 0. This fact stimulates
strongly us to consider a similar decomposition about the multi-positon be-
cause the multi-positon is the degenerate limit of a multi-soliton. In this propo-
sition, we start from two-positon solution in terms of the decomposition of the
modulus square, i.e.
|q2−p|2 ≈ |q1−s(H + c11)|2 + |q1−s(H − c11)|2 (14)
when |t| → ∞, and in which
q1−s(θ) = 4iα1β1
(−iα1 cosh(4α1β1θ) + β1 sinh(4α1β1θ))3
((−α21 − β21)(cosh(4α1β1θ)2 + β21)2
exp(2ih), (15)
where θ = H ± c11.
It is easy to see that Eq (15) is a one-soliton in equation (10) with a “phase
shift” c11 and worth mentioning that the “phase shift” for a usual two-soliton
is a constant, but “phase shift” c11 is the undetermined function of x and
t which will be given later. In order to get the “phase shift” c11, substitute
(15) into (14) by a simple calculation, and just consider the corresponding
approximation of this equation in the neighborhood of H = 0 when |t| → ∞,
then it yields
−16777216α81β81(α21+β21)4t4+e16α1β1c1+e−16α1β1c1−16α81+6α41−4α21β21+6β41 ≈ 0.
(16)
Solving above equation, then c11 ≈ ln(8388608α
8
1β
8
1(α
2
1+β
2
1)
2t4)
16α1β1
. So equation
(14) also holds when c11 is replaced by a simplified form of approximation
c1 =
ln(t4)
16α1β1
as |t| → ∞, which implies equation (13).
Remark 3.1 : In proposition 2, the “phase shift” of positon c11 is a function of
t which is different from the “phase shift” of soliton solution that is usually a
constant. It’s connected with ln t4, differing from the focusing mKdV equation
(see Ref. [11]) and the complex mKdV equation (see Ref. [12]). The “phase
shift” of the focusing mKdV equation and the complex mKdV equation are
related with the ln t2.
Proposition 3: As |t| → ∞, the modulus square of a three-positon solution
of the DNLS equation is decomposed as following form:
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(a) (b)
(c)
Fig. 1 The evolution of two-positon |q2−p|2 with the parameter α1 = 1 and β1 = 0.8 of the
DNLS equation on (x, t)-plane. (a) is 3D plot, (b) is the density plot, (c) is the trajectory
and the decomposition of two-positon solution with c11. Three blue dots line in panel (c)
for extreme values, two maxima denote the trajectories, but one minima (middle) is not.
Two dashed line (green, upper; red, lower) denote approximate trajectories.
|q3−p|2 ≈ |q1−s(H + ln(t
16)
16α1β1
)|2 + |q1−s(H)|2 + |q1−s(H − ln(t
16)
16α1β1
)|2 (17)
a more precise approximate trajectory are three curves defined by
H ± ln(
β321 α
36
1 (α
2
1+β
2
1)
14t16)
2
16α1β1
= 0 and H = 0 (H = 4α21t− 4β21t+ x).
Proof : Similar to proposition 2, we take a similar decomposition of three-
positon solution into account, i.e. suppose
|q3−p|2 ≈ |q1−s(H + c22)|2 + |q1−s(H)|2 + |q1−s(H − c22)|2 (18)
is correct when |t| → ∞. Certainly, “phase shift” c22 is an undetermined
function of function x and t as before, and q1−s(H ± c22) is obtained by a
simple replacement of c11 in equation (15). Substitute q1−s(H + c22), q1−s(H)
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and q1−s(H + c22) in equation(18), consider the corresponding approximation
in the neighborhood of H = 0, then it yields
e(16α1β1c2) + e(−16α1β1c2) − β321 α361 (α21 + β21)14t16 ≈ 0 (19)
After that, c22 ≈ ln(
β321 α
36
1 (α
2
1+β
2
1)
14t16)
2
16α1β1
is an approximate solution of above
equation by simple calculation. Substituting a simple form of c22, i.e. c2 =
ln(t16)
16α1β1
, into equation (18), infers equation (17).
Remark 3.2: From the Proposition 3, it is easy to see the “phase shift” is
equivalent to ln(t16) when t→∞, differing from the focusing mKdV equation
(see Ref. [11]) and the complex mKdV equation (see Ref. [12]). The “phase
shift” of the focusing mKdV equation and the complex mKdV equation is re-
lated with the ln(t4). It is trivial to know that the “phase shift” in Proposition
2 and Proposition 3 are equivalent to ln(t4) are different from the ones of the
focusing mKdV equation and the complex mKdV equation which are equiv-
alent to ln(t2) when t → ∞. Furthermore, even t is small, the more precise
forms of the approximations about trajectories of positons is provied, i.e. cij ,
there is very explicit expression in Fig. 1(c) and Fig. 2(c).
The trajectories of positon are given precisely in Figs. 1(c), 2(c), the line
of the extreme maximum are plotted by blue dots. Moreover, in process of
the decomposition, the approximate trajectories of positons are defined by
H ± cij = 0 which are plotted in Figs. 1(c), 2 (c) by green and red dashed
lines. It’s worth mentioning that the black line is plotted in Fig. 2 (c) in the
middle is also trajectory of the three-positon solution that is H = 0. More
importantly, the formulas of “phase shift” cij have been calculated explicitly
in Proposition 2 and Proposition 3.
Generally, as for the larger n, the more complicated and interesting positon
solution are got by similar method. In the next, because of the complexity
of exact form of the four-positon soliton, we do not write down its explicit
expression, but we have plotted it in Fig.3 and the higher order will not display
because of intricacy.
4 Combinations of solitons and positons
In this section, we will discuss the hybrid of the soliton solutions and the
positons solutions of DNLS equation. We omit the formulas which are indeed
calculated complexly and the discussion about higher order mixed solutions of
the DNLS equation.
The n-positon solution is obtained after performing the higher-order Tay-
lor expansion with λj → λ1 in the N -soliton solution. And two soliton can
degenerate a positon, if some of λj → λ1 and others keep the original forms,
namely not performing limit, then we can get mixed solutions about positons
and solutions. Let’s start from the lower order:
Case 1: n = 3, we can get combination of one-soliton and two-positon
solutions (see Fig.4) with λ3 → λ1 and λ5 remain unchanged.
Title Suppressed Due to Excessive Length 11
(a) (b)
(c)
Fig. 2 The evolution of three-positon |q3−p|2 with the parameter α1 = 1.2 and β1 = 1
of the DNLS equation on (x, t)-plane. (a) is 3D plot, (b) is the density plot, (c) is the
trajectory and the decomposition of three-positon solution with c22. Five blue dots line in
(c) for extreme values, two maxima denote the trajectories, but inner two minima is not.
Two dashed line (green, upper; red, lower) denote approximate trajeceories. The middle
black (H = 0) which is the third approximate trajectory as the middle dot line denote
trajectory without any “phase shift”.
(a) (b)
Fig. 3 (a) is the evolution of the four-positon with the parameter α1 = 1.2, β1 = 1 of the
DNLS equation on (x, t)-plane, (b) is the density plots of solution.
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(a) (b)
Fig. 4 (a) is the combinations of one-soliton and two-positons with the parameter α1 =
0.5, β1 = 0.55, α5 = 0.85, β5 = 0.7 of the DNLS equation on (x, t)-plane. (b) is the density
plots of solution.
Case 2: n = 4, the combinations of two-positon and two-positon solution
(see Fig.5) can be got with λ3 → λ1, λ7 → λ5, but the mixed solutions of
one-soliton and three-positon solution is obtained (see Fig.6) with λ3 → λ1,
λ5 → λ1 and λ7 remain unchanged.
(a) (b)
Fig. 5 (a) is the combinations of two-soliton and two-positon with the parameter α1 =
0.5, β1 = 0.55, α5 = 0.8, β5 = 0.6 of the DNLS equation on (x, t)-plane. (b) is the density
plots of solution.
Remark: Fig. 4(a) display the hybrid of one-soliton and two-positon solutions
and Fig. 4(b) is the density plots of solution, Fig. 5(a) display the hybrid of
two-positon and two-positon solutions and Fig. 5(b) is the density plots of
solution, Fig. 6(a) display the hybrid of one-soliton and three-positon solutions
and Fig. 6(b) is the density plots of solution. From the picture, the main
features of these new solutions are the following: the solutions are smooth and
after the collision, two positons do not suffer a change of shape nor experience
any asymptotic shift of phase. Asymptotically the soliton comes out of the
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(a) (b)
Fig. 6 (a) is the combinations of one-soliton and three-positon with the parameter α1 =
0.5, β1 = 0.55, α7 = 0.85, β7 = 0.7 of the DNLS equation on (x, t)-plane. (b) is the density
plots of solution.
collision with positon without any “phase shift”, but the positon gains two
different phase shifts expressed in terms of the spectral parameters. The study
of the solution will certainly enrich the theory of the DNLS equation. It is
reasonable to suspect that the smooth mixed solutions of the positons and
solitons of nature will likely exist for other nonlinear evolution equations as
well.
5 Conclusions
From our study, the n-order smooth positon solutions of DNLS equation is
provided explicitly by means of Taylor expansion in the corresponding deter-
minant representation of the multi-soliton solution. Furthermore, we analyzed
the crucial properties of positon solutions of DNLS equation from following
three points of view: the decomposition, the approximate trajectories and the
phase shift. From the Figs.1, 2, 3, it is easy to see that the two-positon, three-
positon, four-positon is not traveling wave, and the trajectory of positons is
not a straight line, that is to say, it is a slowly changing curve.
It is worth mentioning that the “phase shift” of the decomposition is differ-
ent from focusing mKdV equation and complex mKdV equation. In the early
stage of research on positons for complex mKdV equation, the distance of two
peaks in two-positon of the complex mKdV equation is 2c11 (≈ 12 ln(2
10t2η61)
η1
).
As for focusing mKdV equation, the distance of two peaks in two-positon of
the focusing mKdV equation is 2c11 (≈ ln(64t
2)
2 ). While the distance of two
peaks in two-positon of the DNLS equation is 2c11 (≈ ln(8388608α
8
1β
8
1(α
2
1+β
2
1)t
4
8α1β1
)
which is different from them. In our paper, the “phase shift” are equivalent to
ln(t4) when t is very large, while the “phase shift” of focusing mKdV equation
and complex mKdV equation are equivalent to ln(t2). It is new finding and
have never reported in literatures before.
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It is easy to see that the smooth n-positon soliton is a expression which
is a mixture of polynomials and hyperbolic functions where is the similarity
about the multi-pole solutions of the mKdV equation [46–50] and the NLS
equation [51], which were reported by means of the Hirota method and the
classical inverse scattering method in the past three decades. Compared our
findings with the previous results, we come to the following conclusions: (1) the
expression of n-positon solution is obtained simply and accurately in Eq.(11);
(2)it provide delicate and direct process for the decomposition of the modulus
square in Eq.(13) and Eq. (17), i.e. decomposing the multi-positon solutions
into single solutions and the formulas of “phase shift” and trajectories are
shown precisely as well. The corresponding soliton trajectories are revealed
clearly in Fig.1 and Fig.2.
We also discuss the combination of the solutions and positons. The inter-
action of positons and solitons can been seen from the Figs.4, 5 and 6. As for
two positons, in the process of its interaction, the positons are not affected
by the shape change or they do not suffer a change of any asymptotic shift
of phase, which is a known characteristic to solitons. Positons are completely
transparent to solitons, and vice versa, the positons are slightly altered by the
solitons in a predictable way. During the soliton-positon collision, the soliton
remains unchanged, while the carrier wave and the envelop of positon experi-
ence “phase shift”, which is keeping with the result of the Ref. [2,3]. A detailed
analysis of the dynamical evolution of the degenerate solution of NLS has al-
ready been developed in Ref. [52]. Wang [53] et. al investigate a special kind of
breather solution of the NLS equation, called breather-positon (or b-positon).
The methods is similar to the means of the positons and worthy to study the
b-positon solution of DNLS equation in the near future.
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